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Abstract. The ejection of low-energy target electrons by heavy projectiles is calculated in a second Born
approximation, allowing for propagation of the electrons in the strong projectile field. For neutral projectile
impact this theory provides a satisfactory description of the collision process down to quite low impact
velocities. This is shown by comparing the theory with experimental electron spectra from 0.1 MeV/amu
Ne0 on He. However, when the projectile is charged the influence of its potential on the electronic final
state may only be neglected for ejection of very low-energy electrons into the backward direction.

PACS. 34.50.Fa Electronic excitation and ionization of atoms (including beam-foil excitation
and ionization)

1 Introduction

Studies of doubly differential cross-sections for electron
emission from energetic ion-atom or atom-atom collisions
provide a deep insight into the ionisation process. An ex-
act theoretical description has to take into account the
interaction of the active electron with the ionic/atomic
field of both the projectile and the target not only in the
intermediate state but also in the outgoing channel. How-
ever, theoretical models usually rely on some approxima-
tions to make the calculations feasible. Consideration as to
whether the interaction of the electron with the projectile
or with the target is dominant depends on the energy and
direction of the ejected electron as well as on the nuclear
charge of the collision partners. The soundness of such
kinds of approximation must eventually be established by
means of comparing the results with the measured elec-
tron spectra.

Early experiments with protons [1] were followed by
systematic investigations with highly charged projectiles.
The idea behind experiments using strong perturbing
fields was that the simultaneous action of both the projec-
tile and the target field, the so-called “two-center effects”,
could manifest themselves in the measured electronic mo-
mentum distributions. Such two-center effects were ini-
tially investigated for very fast bare ions ranging from C6+

to Ar18+ colliding with helium [2–4] as well as for very slow
(≤ 0.1 MeV/amu) H+ and He2+ projectiles impinging on
He and Ne [5,6], followed by experiments using bare ions
in the intermediate energy range down to 1 MeV/amu
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[7,8]. Subsequently systematic studies with partly
stripped projectiles at 0.5 MeV/amu were made [9] in or-
der to investigate the effect of additional projectile elec-
trons on the ejected electron spectra.

Measurements of doubly differential cross-sections
from neutral projectile impact, covering the whole range
of electron momenta, are scarce and have basically been
restricted to H0 and He0 projectiles [10,11]. However, ex-
periments with 0.1 MeV/amu Ne0 projectiles have now
become possible due to a refined experimental technique
allowing for an effective pick-up of electrons by the accel-
erated Ne+ ion [12].

Unfortunately, even for the simplest collision system,
AZ+ on H0 [1,13], there is no theory available which pro-
vides an accurate description of the three-body break-up
at all momenta of the ejected electron. The only quantum
mechanical theory which gives satisfactory agreement with
experiment at arbitrary energies and angles is the contin-
uum distorted wave approximation in its eikonal initial
state form (CDW-EIS [14,15]). This particular choice of
initial state guarantees its correct normalisation [14] and
moreover, CDW-EIS can be derived from the established
channel-distorted two-center approximation [16] by means
of a peaking approximation in the distortion factor [17].
It is also noteworthy that for short-range projectile fields,
CDW-EIS is identical to the fully peaked strong poten-
tial second Born (SB2) theory [18–20]. Whereas CDW-
EIS takes fully account of the final-state interaction of
the emitted electron with both the projectile and the
target (being a first-order theory in the kinetic energy),
in the SB2 theory the ejected electron is described by
an eigenstate of the parent atom while in the interme-
diate state it propagates in the strong perturbation field.
Due to the full peaking nature of CDW-EIS with respect
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to SB2, CDW-EIS is not able to describe details in some
limited momentum regions (e.g. at the cusp).

On the other hand various higher-order perturbative
approaches in one of the electron-ion (atom) interaction
potentials can be used in order to gain insight into the rel-
ative importance of these potentials in particular regions
of the electronic momentum distribution [21]. For exam-
ple it is known from electron-loss cusp investigations that
the representation of the final electronic state as a con-
tinuum projectile eigenstate is crucial [22] – even in the
case of slow collisions and very heavy targets where the
SB2 theory provides a very good description of the cusp
features [19].

The aim of this paper is to investigate the low-energy
electrons from target ionisation which, if transformed into
the projectile frame of reference, would give rise to just
the same cusp structure as that known from electron loss.
By restricting ourselves to light targets (H, He) and heavy
projectiles (C, Ne) and applying the SB2 theory, we inves-
tigate to what extent a theory which describes an ejected
target electron in terms of a target continuum eigenstate,
but which allows the electron in its intermediate state
to move fully under the influence of the strong projec-
tile field, is able to describe the measured electron distri-
bution. In the next section, a short account of the SB2
theory is given and results for 0.1 MeV/amu Ne0 on He
are compared with experimental data [12,23]. The modi-
fication of SB2 to the case of bare projectiles is given in
Section 3, and calculations for 2.5 MeV/amu C6+ + H
as well as for 5 MeV/amu C6+ + He are shown in com-
parison with measured angular and energy distributions
[2,4,13]. The conclusion is drawn in Section 4. Atomic
units (~ = m = e = 1) are used unless otherwise indi-
cated.

2 SB2 theory for neutral projectiles

Most electrons which are ejected during atom-atom col-
lisions have very low energy with respect to the parent
atom reference frame. They manifest themselves in two
peak structures in the spectra, the soft electron peak from
target ionisation near and below 10 eV (at all angles), as
well as the electron loss peak from projectile ionisation
around v2/2 (at the forward angles) where v is the colli-
sion velocity. Since the binding energies of the outermost
electrons are much alike for most neutral atoms, the si-
multaneous ionisation of projectile and target also plays a
role and has to be included in the calculations [24].

We concentrate first on the singly inelastic (SI) pro-
cess for target ionisation where the projectile atom is un-
affected. In the strong potential second Born theory the
transition amplitude for transfering a bound target elec-
tron into a continuum target eigenstate with momentum
kf is given by

aSB2
fi = −i

∫
dt 〈ψT

kf
| VP + VPGPVP |ψT

i 〉. (2.1)

In this expression, VP and GP = (i∂t − T − VP + iε)−1

are the projectile field and single-particle propagator, re-

spectively [25] where T is the kinetic electron energy. The
initial and final single-particle states in an effective tar-
get field are denoted by ψT

i and ψT
kf

. Introducing into
(2.1) two complete sets of plane waves |qP〉 and |kP〉
with momenta q and k in the projectile frame of refer-
ence, and applying the standard on-shell approximation
(1 +GPVP) | qP〉 = | ψP

q 〉, one obtains

aSB2
fi = −i

∫
dt
∫

dk dq 〈ψT
kf
|kP〉

× 〈kP| VP |ψP
q 〉 〈qP|ψT

i 〉. (2.2)

This expression can be rewritten in terms of the Fourier
transforms ϕT

i and ϕT
f of the initial and final target eigen-

states. Using the classical straight-line approximation for
the internuclear trajectory, the time integral becomes triv-
ial and the doubly differential cross-section for the ejection
of electrons with energy Ef = k2

f /2 into the solid angle
dΩ results in

d2σSB2

dEfdΩf
= Ne

(2π)4kf

v

∫
dq′δ(Ef −Ei + q′v)|Mfi|2

Mfi : =
∫

dkϕ∗Tf (k+v)〈kP|VP|ψP
q′+k〉ϕT

i (q′+k+v)

(2.3)

where q′ := q− k is substituted for q, and Ne is the oc-
cupation number of the initial state with energy Ei. The
further evaluation of (2.3) proceeds along the lines of the
SB2 theory for electron loss described in [19]. In partic-
ular, the scattering matrix element in (2.3) is replaced
by the on-shell scattering amplitude and a minor peak-
ing approximation is made. This peaking approximation
is based on the fact that ϕT

i is strongly peaked at momen-
tum zero, making it sensible to take the scattering matrix
element outside the integral over the azimuthal angle of
k in Mfi [19]. Since the projectile field is of short range,
no singularities occur in the scattering matrix element.
Together with the fact that even with this peaking ap-
proximation the scattering matrix element is subject to a
fourfold integration which smoothens its momentum de-
pendence, the peaking approximation is expected to have
very little influence on the theoretical cross-sections.

More crucial is the approximation by the on-shell scat-
tering amplitude. Like the peaking approximation, this
on-shell approximation becomes exact for vanishing tar-
get binding energy |ET

i |, hence is the better the larger
the asymmetry between projectile and target. We have
investigated the on-shell/off-shell difference in the much
simpler case of a first-order theory for charge exchange
to the continuum [26], and proved that it is a measure
of the influence of the target field during the collision,
hence less important, the larger the collision velocity. In
the present case of direct ionisation where the target field
is fully accounted for in the final state we expect the on-
shell approximation to give reasonable results even at col-
lision velocities down to the orbiting velocity of the active
target electron.

Alternatively, the SB2 result for electron loss,
(d2σ/dEfdΩf)EL, from [19] can be taken over as it is,
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provided one transforms into the projectile reference
frame, interchanges projectile and target, and reverses the
collision velocity

d2σSB2

dEfdΩf
=
k′f
kf

(
d2σ

dEfdΩf

)EL
∣∣∣∣∣
v→−v, projectile
 target

(2.4)

where k′f = kf − v is the electron momentum in the
projectile reference frame. Reversion of v is done by re-
placing the projectile-frame emission angle ϑ′f (the angle
between k′f and v) by π − ϑ′f . Also, the momentum k′f in
the electron loss theory is now interpreted as the observed
electron momentum for target ionisation.

Simultaneously with the ejection of a target electron,
projectile electrons are excited or ionised, the more so,
the smaller their binding energy. As an estimate of this
process the first-order Born approximation is applied,

aDI
fi = −i

∫
dt 〈φP

f ψT
kf
| Vee | ψT

i φP
i 〉 (2.5)

where φP
i and φP

f are the bound and excited projectile
(single-particle) eigenstates. Since the transition is medi-
ated by the electron-electron interaction Vee which allows
for small momentum transfers only, (2.5) accounts well for
the doubly inelastic (DI) process as long as the energy of
the observed electron is small. However, at larger energies
(typically & 30 eV), particularly at backward emission an-
gles, higher-order Born terms which allow for a coupling
to one of the nuclear fields [19,34] will gain importance
and should be included in an accurate description of the
DI process.

When calculating the doubly differential DI cross-
section, one has to sum over all projectile final states.
Using the conventional closure approximation [27], one ob-
tains [19]

d2σDI

dEfdΩf
= Ne

8kf

v2

∫ ∞
q′min

dq′

q′3
Sin(q′)

×
∫ π

0

dϕ′q|〈ψT
kf
|eiq′rT |ψT

i 〉|2 (2.6)

with q′min = (ET
f − ET

i + ∆Efi)/v and cosϑ′q = q′min/q
′.

The mean excitation energy of the projectile electron is
set to ∆Efi = IP + k2

f /2 where IP is the binding energy
of the outermost electron (0.794 a.u. for Ne0). This choice
of ∆Efi provides for the test system He+ + H the best
agreement with an explicitly calculated sum over the ex-
cited states of the perturber atom [27]. Variations of ∆Efi

could change the total cross-sections for target ionisation
by some 20% (or even more at backward angles) in the
cases of Figures 1 and 2. Sin(q′) denotes the incoherent
scattering form factor tabulated in [28].

In the actual calculations, Slater-screened hydrogenic
wavefunctions to an effective charge Zeff = 1.7 were
taken for the target, with an initial-state energy ET

i =
−0.91795 a.u. For Ne0 the scattering amplitude was cal-
culated from a partial wave analysis, using the following

Fig. 1. Doubly differential cross-section for the emission of
20 eV electrons from 0.1 MeV/amu Ne0 + He collisions (v =
2 a.u.) as a function of emission angle ϑf . The experimental
data (�) are taken from Jalowy [23]. Theory: —— SB2, SI+DI;
······ DI (bottom curve); - - - - B1, SI+DI.

composition of the projectile field

VP = Vs + Vpol + Vex (2.7)

where Vs is the static Hartree-Fock potential for the Ne
atom (in a parametrised form [29]). For the polarisation
field Vpol we have taken the parameter-free representation
of Gianturco et al. [30] with the dipole polarisability α =
2.663 a.u. for Ne0. The exchange field Vex was chosen as
the local modified semiclassical exchange (MSCE) poten-
tial [31]. However, exchange affects the results by 5–10%
only.

In Figure 1 the angular distribution of 20 eV electrons
emitted from collisions of 0.1 MeV Ne0 on He is shown.
Both singly inelastic and doubly inelastic contributions
decrease smoothly with angle, DI gaining somewhat more
importance at the backward angles. While the 0◦/180◦
asymmetry of the first-order Born approximation is just
due to the finite electron energy, the SB2 is truly asymmet-
ric (also for Ef → 0) because as a higher-order theory it
is sensitive to the phase of ψT

kf
. Such a forward/backward

asymmetry is well-known from electron loss cusp investi-
gations [19]. However, the transformation (2.4) reverses
the asymmetry such that now forward emission is en-
hanced. Comparison is made with experimental data from
Jalowy and coworkers [12,23] which have an absolute un-
certainty of ±40%. Apart from the backward rise in con-
trast to theory (which is presently not understood), the
data can be explained by the SB2 model within a factor of
2. We have included in the figure results from a first-order
Born (B1) calculation for both SI and DI processes (for
the SI contribution, only the first term in (2.1) is retained,
approximating VP by Vs which is conventionally done in
B1 calculations since the bound-state function ψT

i cuts
off the long-range tail of VP (originating from Vpol) in the
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(a)

(b)

Fig. 2. Doubly differential cross-section for electron emission
at angles 80◦ (a) and 110◦ (b) from 0.1 MeV/amu Ne0 + He
collisions as a function of electron energy Ef . The experimental
data (�) are taken from Jalowy [23]. Theory: —— SB2, SI+DI;
· · · · · · DI; - - - - B1, SI+DI.

transition matrix element). These results overestimate the
data, a fact well-known for ionisation in strong fields [32].

The SB2 theory as formulated above is only able to cor-
rectly describe the low-energy electrons from target ioni-
sation. For example, it deteriorates for electrons of higher
energies where electron loss peak or binary encounter peak
phenomena come into play: electron loss is only included
by means of the DI process where the final projectile states
are integrated over. The binary encounter peak, on the
other hand, is a two-body phenomenon which requires ei-
ther free electron propagation or intermediate as well as

final electronic motion in the strong potential. In order to
test SB2 for the spectral distribution of the electrons, we
have therefore restricted ourselves to the larger emission
angles where none of these peak phenomena are present
(the electron loss peak disappears for ϑf & 30◦ due to
the small collision velocity and the binary encounter peak
fades out around 60◦ [23]).

Figure 2 shows the electron spectra for ϑf = 80◦ and
110◦. The SB2 theory is seen to correctly reproduce the
measured energy dependence up to quite high energies
(50–100 eV), whereas the B1 theory provides a similar
energy dependence but too high intensities (Fig. 2a). At
small Ef , the (first-order) DI contribution (shown sepa-
rately in Fig. 2b) provides about half the measured inten-
sity, but decreases rapidly at the higher Ef . One should
keep in mind that beyond 30 eV, the higher-order DI pro-
cesses will start to push theory slightly upwards.

Below 20 eV, the experimental data are getting unre-
liable because electric and magnetic stray fields will influ-
ence the electron trajectories, but also because of inaccu-
racies in the absolute normalisation of the data [23].

3 SB2 theory for fully stripped projectiles

In the case of bare projectiles where the interaction VP is
purely Coulombic, formula (2.3) can be evaluated exactly
without any further approximation. The scattering matrix
element is given by [33]

〈kP|VP|ψP
q′+k〉 = − ZP

2π2
eπηQ/2Γ (1− iηQ)

× [k2 − (Q+ iε)2]−iηQ

(q′2)1−iηQ
(3.1)

with Q = q′ + k, ηQ = ZP/Q and ε → 0. It should be
noted that the on-shell approximation from Section 2 must
not be made here: while for short-range electron-projectile
interactions the scattering matrix element coincides in the
elastic limit (Q = k) with the elastic scattering amplitude,
this is not the case for a 1/r-potential. In particular, the
peculiarities of the Coulomb field produce an extra phase
which diverges at Q = k (see Eq. (3.1)).

The choice of (effective) Coulomb states for the target
electron [19] requires k to be substituted by k′ := k+v−kf

in order to cope with the singularities. One obtains

d2σ

dEfdΩf
= Ne

8Z2
PZ

3
T

π3v

1
1− e−2πηf

∫
dq′

q′4
δ(Ef −ET

i + q′v)

×
∣∣∣∣∫ dk′

(k′2 + 2k′kf − iε)−iηf−1

(k′2)1−iηf
ϕT

i (Q + v)

×eπηQ/2Γ (1− iηQ)(q′2 − 2q′Q− iε)−iηQ
∣∣∣2
(3.2)

where ηf = ZT/kf with ZT the (effective) target nu-
clear charge. For the further evaluation, spherical coor-
dinates are introduced for q′ and k′ with the respective
quantisation axes v and kf . Equation (3.2) then reduces
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Fig. 3. Doubly differential cross-section for the emission of
5 eV electrons from 2.5 MeV/amu C6+ + H collisions (v =
10 a.u.) as a function of emission angle ϑf . The experimental
data (�) are taken from Tribedi et al. [13]. Theory: —— SB2;
- - - - B1; − · − · − CDW-EIS (from [13]).

to a five-fold integral which is evaluated numerically (note
that the peaking approximation which is made in case of
neutral projectiles would be poor because of the additional
singularities in the integrand).

Figures 3 and 4 show results for the three-body system
2.5 MeV/amu C6+ colliding with atomic hydrogen where
no approximations for the target wavefunction are needed.
Comparison is made with the new experimental data from
Tribedi and coworkers [13]. In contrast to neutral pro-
jectile impact, the angular distribution of the low-energy
electrons (Ef = 5 eV, Fig. 3) cannot be explained by the
SB2 model. The high experimental intensities for electron
emission into the forward hemisphere clearly show the ef-
fect of the perturbing field on the electrons in their final
state, which is supported by the CDW-EIS results. Only
at angles beyond 120◦ does SB2 agree with the data, i.e.
is it admissible to neglect the projectile final-state inter-
action for electrons with such a low velocity relative to
the target. However, as seen in Figure 4 where the energy
distribution at one forward and one backward emission
angle is shown, SB2 falls below experiment with increas-
ing electron energy (for Ef & 20 eV) even at ϑf as large
as 160◦. Taken into consideration that at these higher en-
ergies, CDW-EIS is much closer to the data than SB2, we
interpret this result in terms of an increasing influence of
the projectile field on the outgoing electron with increas-
ing electron velocity with respect to the target core. For
the sake of comparison, results from the first-order Born
theory are also shown in Figures 3 and 4, and this the-
ory underestimates the experimental yields in forward di-
rection, but overestimates them at large angles. However,
since the Born series (as a perturbation series in terms of
VP) is divergent for strong projectile fields, there is not
too much significance in these B1 results.

Fig. 4. Doubly differential cross-section for electron emission
at angles 15◦ (right-hand abscissa) and 160◦ (left-hand ab-
scissa) from 2.5 MeV/amu C6+ + H collisions as a function of
electron energy Ef . The experimental data (�) are those from
Tribedi et al. [13]. Theory: —— SB2; - - - - B1; × × ×
CDW-EIS (from [13]).

The strong influence of VP on the outgoing electron in
the forward hemisphere is not a peculiarity of the above
three-particle system. This was verified by a series of
calculations on the momentum distribution of low-energy
electrons from bare ion impact (C6+, O8+, Ne10+) on he-
lium at various collision velocities (1–5 MeV/amu) ac-
cording to experimental data from [2,4,8]. As a typical
example, we show in Figure 5 the forward and backward
electron spectra from 5 MeV/amu C6+ on He in compar-
ison with the measurements from Schiwietz and cowork-
ers [2]. The results are qualitatively the same as for the
2.5 MeV/amu C6+ + H system studied above.

4 Conclusion

We have applied the strong potential second Born ap-
proximation to the emission of low-energy target electrons
during heavy atom and ion impact on light targets. By
comparing SB2 and, where available, CDW-EIS results to
experimental data doubly differential in electron energy
and angle, we were able to sort out the importance of
electron propagation in the projectile field, as well as the
adequacy of the ejected electrons moving solely in the field
of the target core.

In the case of neutral heavy atom impact where the
perturbing potential is of short range, the SB2 theory
gives a good account of the measurements. Hence, at all
emission angles and for electron energies low enough to
exclude electron loss peak or binary encounter peak fea-
tures in the spectra, the influence of the projectile field
has to be accounted for in the intermediate state of the
electron, but can safely be neglected in its final state.
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Fig. 5. Doubly differential cross-section for electron emission
at angles 20◦ (right-hand abscissa) and 160◦ (left-hand ab-
scissa) from 5 MeV/amu C6+ + He collisions (v = 14.15 a.u.)
as a function of electron energy Ef . The experimental data
(N) are taken from Schiwietz et al. [2]. Theory: ——– SB2;
- - - - B1.

This picture holds true down to quite low collision
velocities (v & 2 a.u.) where other higher-order per-
turbation theories are bound to fail. Our present find-
ings are supported by previous SB2 results for the elec-
tron loss cusp [19,21] from He+ on Ar, Xe collisions at
1.7 . v . 4 a.u. The interpretation is, however, more di-
rect for the low-energy target electrons since there is no
strong influence of the detector resolution.

We have also demonstrated the importance of the si-
multaneous projectile and target ionisation when both col-
lision partners are neutral. For small electron energies this
process is of the same magnitude as target ionisation by an
inert projectile at all angles. For larger energies the first-
order Born theory for DI decreases strongly and higher-
order terms not considered in the present calculations will
come into play. That DI remains important, although per-
haps to a lesser extent, can be inferred from calculations
describing electron loss as charge transfer to the contin-
uum [34].

The situation concerning the applicability of SB2 is
different for highly stripped projectiles. In that case, the
long range of the projectile field causes the slow electrons
emitted into the forward hemisphere to move in the field
of both the projectile and the target: neither field can be
treated perturbatively. The influence of the projectile is
to strongly increase the electron yield, as shown by the
CDW-EIS results. In contrast, allowing for propagation
in the projectile field with a subsequent “recapture” by
the target (the SB2) leads to an unphysical reduction of
the intensity. At backward angles and very small emission
energies on the other hand, the target field dominates the
outgoing electrons and the influence of the projectile field
may be neglected: provided it is taken into account in

the electronic intermediate state. In fact CDW-EIS over-
estimates the backward data slightly while SB2 does not.
However, when the electron energy is increased such that
the separation of the electron from the parent atom gets
more efficient even at backward angles, the projectile field
will again dominate the final state (the more so, the higher
the projectile charge). We finally mention that at electron
energies as high as v2/2 or beyond, the outgoing electron
can well be described by a pure projectile eigenstate, as
demonstrated by application of a theory for charge trans-
fer to the continuum to experiments on 0.5 MeV/amu
B2+–B5+ colliding with He [35]. Hence the studies with
higher-order perturbative theories in one of the atomic
potentials provide a valuable supplement to investigations
within the CDW approach.

I am particularly grateful to P. Mokler and B. Fricke for sup-
porting contacts with the physical community. I should also
like to thank T. Jalowy for the excellent collaboration and for
the access to his unpublished experimental data.
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by S. Flügge (Berlin, Springer, 1957), Vol. 35, p. 126.
34. M. Kuzel, R.D. DuBois, R. Maier, O. Heil, D.H. Jakubaßa-

Amundsen, M.W. Lucas, K.O. Groeneveld, J. Phys. B 27,
1993 (1994).

35. D.H. Jakubaßa-Amundsen, Z. Phys. D 34, 9 (1995).


